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EXTENSION OF A THEOREM OF DUFFIN AND SCHAEFFER
MICHAEL COONS
Abstract. Let r1, . . . , rs : Zn>0 → C be linearly recurrent sequences whose associated eigen-
values have arguments in piQ and let F (z) :=
∑
n>0 f(n)z
n, where f(n) ∈ {r1(n), . . . , rs(n)}
for each n > 0. We prove that if F (z) is bounded in a sector of its disk of convergence, it is a
rational function. This extends a very recent result of Tang and Wang, who gave the analogous
result when the sequence f(n) takes on values of finitely many polynomials.
1. Introduction
In 1945, Duffin and Schaeffer [2] proved that if a power series whose coefficients are taken from
a finite set is bounded in a sector of the unit disk, then it is already a rational function. In this
short note, we prove the following extension.
Theorem 1. Let r1, . . . , rs : Zn>0 → C be linearly recurrent sequences whose associated eigen-
values have arguments in πQ and let F (z) :=
∑
n>0 f(n)z
n, where f(n) ∈ {r1(n), . . . , rs(n)} for
each n > 0. If F (z) is bounded in a sector of its disk of convergence, then it is a rational function.
Our result, follows from a very recent result of Tang and Wang [3, Theorem 1.3], who used a
method developed by Borwein, Erde´lyi, and Littmann [1] to show that if p1(z), . . . , ps(z) ∈ C[z]
are polynomials and F (z) :=
∑
n>0 f(n)z
n, where f(n) ∈ {p1(n), . . . , ps(n)} for each n > 0, is
bounded in a sector of the unit disk, then it is a rational function.
2. Proof of Theorem 1
Proof of Theorem 1. Let r1, . . . , rs : Zn>0 → C be linearly recurrent sequences whose associated
eigenvalues have arguments in πQ and f(n) ∈ {r1(n), . . . , rs(n)} for each n > 0. Then for each
i = 1, . . . , s, there exist an integer ℓ, ℓ × 1 vectors ui and vi with complex entries, and an ℓ × ℓ
matrix A with complex entries such that ri(n) = u
T
i A
n
i vi. Recall that ri(n) can be written in
the eigenvalue expansion
ri(n) =
k∑
j=0
αjn
mj−1λnj ,
where λ1, . . . , λk are the eigenvalues of Ai, which we have assumed have arguments in πQ, mj is
the multiplicity of λj , and α1, . . . , αk ∈ C.
Similarly, we can consider a “common” eigenvalue expansion of the linear recurrences r1, . . . , rs.
In particular, let
(1) ρ1 < ρ2 < · · · < ρD
be the distinct moduli of the collection of eigenvalues of A1, . . . ,As. Then there exist integers D
and d and a finite collection of complex numbers {αn,i,m,t}n>0,16i6s,16m6D,06d, many of which
may be zero, such that
(2) ri(n) =
D∑
m=1
d∑
t=0
αn,i,m,tn
tρnm.
We note that the collection {αn,i,m,t}n>0,16i6s,16m6D,06d is finite precisely because the all of
the eigenvalues associated to the linear recurrences have arguments that are rational multiples of
π—this assumption in the statement of the theorem is crucial for this proof to work.
Now consider F (z) :=
∑
n>0 f(n)z
n, where f(n) ∈ {r1(n), . . . , rs(n)} for each n > 0. Suppose
that F (z) is bounded in a sector of its disk of convergence, that F (z) is irrational, and that D is
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the minimal such number so that the previous two properties hold. We will prove the theorem
by showing that such a minimal D cannot exist.
To this end, set Ψ(z) := F (z/ρD), so that the coefficients ψ(n) of Ψ(z) satisfy ψ(n) = f(n)ρ
−n
D ,
Ψ(z) is bounded in a sector of the unit circle, and Ψ(z) is irrational. Using (2) we have that
(3) ψ(n) = αn,in,D,d · n
d + αn,in,D,d−1 · n
d−1 + · · ·+ αn,in,D,0 + r(n),
where for each n,
(4) r(n) ∈ {r′1(n), . . . , r
′
s(n)} with r
′
i(n) =
D−1∑
m=1
d∑
t=0
αn,i,m,tn
t(ρm/ρD)
n,
and where here we have used the notation in to indicate the value of i ∈ {1, . . . , s} for which f(n) =
ri(n). By (1), (4), and the minimality of D, we have that the function R(z) =
∑
n>0 r(n)z
n is
bounded throughout the unit circle (as it has radius of convergence at least ρD/ρD−1 > 1) and
is rational. Thus by (3), the function
Ψ(z)−R(z) =
∑
n>0
(
αn,in,D,d · n
d + αn,in,D,d−1 · n
d−1 + · · ·+ αn,in,D,0
)
zn
is bounded in a sector of the unit circle and irrational. But by Tang and Wang’s result, the
function Ψ(z)−R(z) is rational. This contradiction proves the theorem. 
3. A question
The careful reader will notice that while Tang and Wang’s result holds for polynomials in C[z],
the linear recurrences in our theorem, while also being complex-valued, must have associated
eigenvalues have arguments in πQ. This is because if we let the eigenvalues be more general
complex numbers, the arguments of the powers of those eigenvalues may not take only finitely
many values. Our proof works as long as this finiteness condition holds.
Because of the necessity of this finiteness condition, Theorem 1 is essentially the best possible
result that can be proved from the methods of Borwein, Erde´lyi, and Littmann [1], and Tang
and Wang [3]. An interesting generalization would be a statement as in Theorem 1 for general
complex linear recurrences. To apply the same basic theory, one would need to answer the
following question in the affirmative.
Question 2. Let a : Z>0 → C be given by
a(n) =
M∑
i=0
bi,nζ
n
i ,
where bi,n, ζi ∈ B, B is finite set of complex numbers, and ζi lies on the unit circle for each i.
Suppose that for each ε > 0 there exist a positive integer q and complex numbers γ0, . . . , γq−1
such that for all n > 0,
|γ0a(n) + · · ·+ γq−1a(n+ q − 1) + a(n+ q)| < ε.
Is it true that the sequence a is linearly recurrent?
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